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It is shown that, contrary to a pair of well-known conjectures, there exist finite and infinite 
examples of: (1) vertex-transitive graphs whose distance sequences are not unimodal, and (2) 
graphs with primitive automorphism group whose distance sequences are not logarithmically 
convex. In particular, a family of finite graphs is presented whose automorphism groups are 
primitive and whose distance sequences are not unimodal. 
1. Introduction 
Let F denote a connected graph and let x be a vertex of F. For each integer 
i t> 0, let di denote the number of vertices at distance i from x. When F is 
vertex-transitive, the numbers d/are independent of the vertex x of origin, and 
we define the distance sequence DS(F) of F as follows: when the diameter 6(F) is 
finite, then DS(F)= (do, d l , . . . ,  d6w)); when 6(F) is infinite, then DS(F)= 
(do, d l , . . . ) .  Occasionally it may be useful to let d~ = 0 when i > 6(/'). If F has 
valence p and girth y, then clearly do = 1 and d~ = p(p - 1)/-1 for 1 ~< i < ½(y - 1). 
At the Summer Research Workshop in Algebraic Combinatorics held at Simon 
Fraser University in July 1979, L. Babai [1] presented the following two 
conjectures: 
(1) The Unimodality Conjecture (UC). DS(F) is unimodal for every vertex- 
transitive graph F. 
(2) The Logarithmic Convexity Conjecture (LCC). DS(F) is logarithmically 
convex whenever the automorphism group of F is a primitive permutation group. 
The present note will include: 
(1) A family of finite graphs which are counterexamples simultaneously to both 
conjectures; 
(2) Several families of finite counterexamples and families of infinite coun- 
terexamples to the UC (but not to the LCC); 
(3) A family of finite counterexamples and one infinite counterexample to the 
LCC (but not to the UC). 
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2. Preliminaries 
In this note F (with or without a subscript) will denote a finite or infinite, 
locally finite, connected simple graph. We denote the vertex set, the edge set, the 
diameter, and the automorphism group of F by V(F), E(F), 6(F), and G(F), 
respectively. If F is infinite and locally finite, then 6(F )= o0. The distance 
between vertices x, y ~. V(F) will be denoted by d(x, y), as remarked in the 
previous ection. 
The distance sequence DS(F) is unimodal if i<] < k implies that di ~< dj or 
dj >~ dk. We call DS(F) logarithmically convex if none of the planar points with 
cartesian coordinates (i, 210g di) lies within the interior of the closed convex hull 
of the set of all of these points. (Clearly the selection of the base of the 
logarithms has no effect upon this definition.) An equivalent formulation is that 
d 2>>- d~-adi+l for all i ~ 1. Casually, we say that the graph F itself is unimodal 
(resp., logarithmically convex) if DS(F) also has this property. 
Clearly every logarithmically convex graph F is unimodal, but not conversely. 
On the other hand, if G(F) acts primitively on V(F), then by definition, G(F) 
acts transitively on V(F). Thus neither conjecture is stronger than the other. 
Constructions of our counterexamples may require any of three standard graph 
products of graphs F~ and F2: the Cartesian product I'~ x F2, the strong product 
F~ • F2, and the lexicographic product Ft[F2] (cf. [5, 6]). The vertex set of each of 
these products is the Cartesian product V(F~)x V(F2) of the vertex sets. Let 
x, y~ e V(E) for i = 1, 2. Then 
(1) {(xl, x2), (y~, Y2)} e E(F~ x F2) if and only if [xl = y~ and {x2, Y2} e E(F2)] or 
[{xt, y~} e E(F~) and x2 =y2], 
(2) {(xa, x2), (yt,)2)} e E(F~ * F2) if and only if [xl=yl and {x2, Y2} s E(F2)] or 
[{xa, ya} e E(F~) and [x2 =y2 or {x2, Yz} e E(F2)]], 
(3) {(x~, x2), (y~, Y2)} e E(F~[F2]) if and only if [x~=yl and {x2, Y2} ~ E(F2)] or 
{xl, yx} ~ E(Ft). 
All three products are associative, and the first two are also commutative. It is 
well-kn0wn [5, 6] that a graph produced by any of these products is vertex- 
transitive if and only if each factor is vertex-transitive. A graph is said to be prime 
with respect to a given product if it cannot be expressed as such a product 
wherein each factor has at least two vertices. 
If for some di, dj, dk in the distance sequence DS(F), both d~ > dj and dj < dk 
hold while i < j  < k, then (i, j, k) will be called a bimodal triple for F. A 
vertex-transitive graph which is not unimodal, that is, one which admits a bimodal 
triple, will be called multimodal. 
The cyclic group of order n will be denoted by Z,. The infinite cyclic group, 
that is, the group of the integers, will be denoted by Z= or simply by Z. 
If n ~ {2, 3 , . . .  } LI {oo}, the circulant graph with symbol (n: il, i2, • • •, it), 
where 1 ~< r < oo and 1 ~< i~ < i2  < • • • < i, ~< ½n has vertex set Z. and edge set 
{{x,x + i j} :x~Z, ; j= l ,  2 , . . . , r} .  
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Clearly such a graph is a Cayley graph of Z~ whenever { i l ,  • • • , it} generates Zn. 
The regular action of Zn upon"such a graph is generated by the map x ~ x + 1. 
We use the symbol An to denote the graph consisting of a single n-circuit, 
while A® denotes the two-way infinite path. 
3. Distance sequences in strong products of graphs 
In this brief section, we obtain a formula needed later for computing the 
distance sequence of a strong product F~, F2 of two vertex-transitive graphs F~ 
and F2 in the terms of the distance sequences of its factors. 
Let F~ be finite and let F2 be either finite or infinite, but assume r = 6(F~)~< 
6(F2). Let DS(F~) = (ao, a~, . . . ,  a,), DS(F2) = (bo, b~, : . . ) ,  and DS(F~ * F2) = 
(do, d~, . . . ) .  Let us also define for all i, Ai = E~=o aj. Thus A~ is the number of 
vertices in F whose distance from a given vertex is at most i, while B~ and Di have 
the same meaning in F2 and F~ • F2, respectively. 
Lemma 3.1. In terms of  the foregoing notation, 
t l, i f i=O,  d i -  A iB i -A i _ lB i _ l ,  if l<<-i<~r, 
[. bi IV(r~)l, if i >I r + 1. 
Proof. For any (xl, x2), (y~, Y2) e V(F~ • F2) it is clear that 
d((x~,x2), (y~, yE))=max{d(x~, y~), d(x2, Y2)}, 
where the three occurrences of the symbol d represent distances in F1 * F2, Ft, and 
F2, respectively. From this fact, it follows that Di = AiBi, and so di = Di - Di-1 = 
AiBi - Ai_IBi_I. Since A~ = ]V(F~)] for all i t> r, the derivation is complete. [] 
Lenuna 3.2. In terms of  the foregoing notation, (r, r + 1, r + 2) is a bimodal triple 
for 1"1 * F2 if and only if the following two conditions are satisfied: 
(a) (b~+x- br) lV(Fx)l <a~B~_~; 
(b) br+l < br+2. 
Proof. Straightforward algebraic manipulation shows that (a) is equivalent to the 
condition dr > dr+l while (b) is equivalent to the condition that d,+l < dr+2. [] 
Implicit in the hypothesis of Lemma 3.2 is the assumption that 6(F) I> r + 2. 
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4. Counterexamples to the logarithmic convexity conjecture 
For each k I> 2, the circulant graph with symbol of the form (~: k - 1, k) has 
distance sequence 
t l, if i = 0, ai = 4i, i f l~<i~<k-1 ,  
L 2k, if i ~ k. 
(4.1) 
For k I> 3, these graphs clearly are not logarithmically convex. However, their 
automorphism groups are not primitive; for any m i>2 any set of vertices 
comprising a congruence class modulo m is a block of imprimitivity. If p is a 
prime, then any vertex-transitive graph with p vertices has a primitive auto- 
morphism group. Moreover if p is chosen so that p/k  2 is "large", then the 
distance sequence of the circulant graph with symbol (p: k - 1, k) will agree with 
(4.1) up through its penultimate (positive) term, thus providing an infinite family 
of finite counterexamples to the LCC. 
The smallest member of this family has symbol (29: 2, 3) and could be 
presented isomorphically by the symbol (29: 1,9); its distance sequence is 
(1,4,8,6,6,4) .  
Although the above finite circulant graphs are not counterexamples to the UC, 
powers with respect to the strong product of certain of them will be coun- 
terexamples to both conjectures, as we presently show. The primitivity of the 
products will be guaranteed by the following useful result due to D6rfler and 
Imrich [2, Satz 14]: 
Proposition 4.2. A finite connected graph has a primitive automorphism group if 
and only if it is complete or is a power (with respect o the strong product) of a 
prime graph 1I having a primitive automorphism group, where H has the following 
property: for all {x, y} e E(H), the set of neighbors of x discounting y is not equal 
to the set of neighbors of y discounting x. 
Clearly the circulant graphs with symbol (p: k - 1, k) for prime p >I 7 are prime 
graphs and satisfy the above condition. 
Theorem 4.3. Let F be the circulant graph with symbol (p : k - 1, k ), where p is a 
prime and k >I 5. I f  p >I 2k 2 + 2k + 1, then F * F is a counterexample to both the 
UC and the L CC. 
Proof. The graph r ,  r has a primitive automorphism group by Proposition 4.2. 
It will suffice to show that (k -  1, k, k + 1) is a bimodal triple for F * F. The 
distance sequence (ao, a l , . . . )  of the circulant graph O with symbol (o0, k - 1, k) 
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is given by (4.1), whence 
1, 
A~= l + 2i(i + l), 
1 + 2ik, 
if i=0 ,  
if l <. i<~k-1,  
if i~k .  
Let DS((9* (9)= (do, d l , . . . ) .  By Lemma 3.1, di =A2-A~21 for i >I 1, which 
t l ,  if i = 0, d/= 8i(1 + 2i2), if 1 <~ i <~ k - 1, 
14k(1 -k+2k i ) ,  i f i>-k. 
yields 
It is immediate that dk<dk+~. The condition dk- l>dk is equivalent to 
2k a -  11k2+ 13k-6>0,  which is satisfied by all integers k~>5. Thus (k -  
1, k, k + 1) is a bimodal triple for O * (9. If p >I Ak+~ = 2k 2 + 2k + 1, then the 
distance sequences of F and (9 coincide up through dk+~. [] 
If F is the circulant graph with symbol (61: 4, 5), then F * F is the smallest 
primitive counterexample to the UC produced by Theorem 4.4. It has 3721 
vertices, and (d4, ds, d6) - (1056, 920, 1120). 
This section concludes with one infinite counterexample to the LCC. Consider 
the free product 
G = (a, b: a 5=b 5 = 1) 
of two copies of 7-,5, and let F be the Cayley graph of G with respect to the 
generating set {a, a -~, b, b-l}. Then F has aprimitive automorphism group by 
[4, Theorem 4.2]. To obtain its distance sequence, one readily verifies the 
recurrence relation 
di -- 2 (d i - l  + di-2),  i >~ 3, 
with initial conditions dl = 4 and d2 = 12. Using standard textbook techniques for 
'solving' recurrence relations, one computes 
di = [ (1  + '+1 - (1  - i I> 1. 
Since limi._,® di/di-~ = 1 + V~, one could plot a line with slope 1 + Vr3 such that 
all the points (i, 2log di) would lie below this line when i is odd and above it when 
i is even. It follows that F is not logarithmically convex, although it is unimodal. 
5. Further counterexamples to the Unimodality Conjecture 
All of the counterexamples to the Unimodality Conjecture to be presented in 
this section can be obtained by forming product graphs with and/or quotient 
294 J.B. Shearer, M.E. Watkins 
graphs from the following four counterexamples, only the first of which is finite: 
(a) The 1-skeleton of the truncated odecahedron To, 
(b) the 4-valent esselation T~ of the plane (shown in Fig. 1), 
(c) the 3-valent esselation Tz of the plane (shown in Fig. 2), 
(d) the strong product of any (sufficiently large) odd circuit with any infinite 
graph whose distance sequence is a (sufficiently rapidly growing) linear 
function. 
First we present hese four basic graphs. Then we will indicate how each may 
be used to construct large families of counterexamples to the UC. None of the 
graphs in this section has a primitive automorphism group. 
(a) The graph To is one of the so-called archimedean polyhedra. It is a 3-valent 
planar graph with IV(To)I = 60. In any planar imbedding, the three faces incident 
with each vertex include one triangle and two decagons. It is vertex-transitive but 
not edge-transitive (see [3]). Its distance sequence is (1, 3, 4, 6, 8, 10, 8, 10, 
6, 3, 1). As far as we know, To is the smallest counterexample to the UC. (It was 
also the first counterexample to the UC that we each found: Shearer ecognized it
first in 1981, and Watkins recognized it independently in 1984.) 
(b) Let DS(T~) = (do, da,. • • ). Then do = 1, dl = 4, and for i >/2, 
[5i - 2, if i is even, 
d~ (5.1) [ 4i + 2, if i is odd. 
This formula may be verified inductively by observing that for each i >1 3, the set 
of vertices at distance i from a fixed vertex Xo may be mapped injectively into the 
set of vertices at distance i + 2 from Xo to yield the recurrence relations: 
d~+2 = d~ + 10 for i even; d~+z =d~ + 8 for i odd. 
(In the Fig. 1, the vertices at distances 5 and 7 from Xo are indicated by O and O, 
resp.) Then (i, i + 1, i + 2) is a bimodal triple whenever i is even and i >i 10. 
(c) The graph Tz is the truncated hexagonal mosaic shown in Fig. 2. Its 
distance sequence begins with 1, 3, 4. For i I> 3, we have 
¼(9i - 3), for i -- 3 (mod 4), 
= J ~i - 2, for i -= 0 (mod 4), 
d, 1¼(9 i+3) '  fo r i - l (mod4) ,  
l 2i + 2, for i - 2 (rood 4). 
(5.2) 
The verification of this sequence, while more complicated than that of the 
previous example, is similar and is left to the reader. There are infinitely many 
bimodal triples, the first of which is (17, 18, 19). Note that the sequence (5.1) 
consists of the "even" terms of the sequence (5.2). 
(d) Let r be some positive integer and let A=Az,+I. Thus DS(A)= 
(1, 2, 2 , . . . ,  2) and 6(A) = r. Let O be an infinite graph with DS(19) = 
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Fig. 1 
(1, bl, b2, . . . )  that, for some positive integer m, satisfies 
b i " -  mi + h, for all i I> 1. 
Thus for all i, 
Bi = 1 + ½mi(i + 1) + hi. 
Let F= A ,  O and let DS(F )= (do, d l , . . . ) .  Condition (b) of Lemma 3.2 is 
clearly satisfied here, while condition (a) is seen to hold if and only if 
mr 2 + (2h - 3m)r - 2h - m + 2 > 0. (5.3) 
But for any given m >~ 1 and any real number h, (5.3) holds for all but finitely 
many positive integers r. 
We illustrate with two examples involving the 2-way infinite path. If O = 
t'- 4' ' l ' .  -, 
' - ' "~" , , , J  t -  / "4,  
'-" "± ~ .P A 
- L . j  ~-  - 
I'.. .4  t-.. [ 
Fig. 2 
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A® X Zl~, then m = 4, h = 0, and r >t [3 + ~/1-6] = 7. If O = Am * za~, then m = 8, 
h = 0, and r >I [3 + V~] = 4. Thus als  * (a® x Am) and a 9 * Am,  Am are coun- 
terexamples to the UC. Certainly this class of counterexamples could be 
broadened to allow finite factors other than A2r+l , but then the resulting 
computations generally become more complicated. 
More counterexamples to the UC may be obtained from those already 
presented by use of one of the three products introduced in Section 2. The 
lexicographic product is disposed of first. 
Proposition S.4. Let 1"1 and F2 be vertex-transitive graphs such that F2 is finite. If 
(r, s, t) is a bimodal triple for 1"1, then (r, s, t) is also a bimodal triple for FI[F2]. 
Proof. Suppose that F2 is b-valent. Let DS(F1)= (ao, a l , . . . )  and DS(Fa[F2])= 
(do, d l , . . . ) .  Then 
d/~- I 
1, if i=0 ,  
a~ IV(rgl + b, if i=  1, 
/ (a2 + 1)IV(F2)I-  b - 1,. if i=  2, 
(.ai IV(F2)I, if i I> 3. 
If (r, s, t) is a bimodal triple for F~, the result is immediate if r I> 3 or if r = 1 and 
s I> 3. Two cases remain. 
If (r, s) = (1, 2), then a 2 + 1 ~< al and a 2 + 1 <~ at. 
If r = 2, then ds <- (a2 - 1) Iv(rgl a2 IV(rgl - b - 1 < d2, as required. [] 
Let F~ and F2 be vertex-transitive graphs with DS(F~) = (ao, a l , . . . ) ,  DS(F2) = 
(bo, b l , . . . ) ,  and DS(F~ x F2) = (do, d l , . . . ) .  Then for all i, 
i 
di = ~, ai_jb~. (5.5) 
j=0 
In particular, if F2 is the complete graph K,,, then for all i, 
a,+ l = a i+ , + a i (n  - 1).  
An immediate consequence of (5.6) is the following. 
(5.6) 
Proposition 5.7. Given any vertex-transitive graph F with bimodal triple (r, s, t), 
there exists no such that (r + 1, s + 1, t + 1) is a bimodal triple of F x Kn for all 
n ~n o. 
The following examples represent a small sampling of multimodal cartesian 
products, one of whose factors is one of the graphs To, T~, or T2. The proofs 
involve nothing more than routine computation and hence are omitted. 
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Examples 5.8. (a) To x O is multimodal whenever O equals: 
(i) K, for n I> 4, 
(ii) the graph obtained from K2m by deleting a 1-factor and m ~> 3, 
(iii) the Moore graph on 50 vertices--here DS(O) = (1, 7, 42). 
(b) T1 x K, is multimodal for n >t 3. 
(c) T2 x K, is multimodal for n 1> 2. 
To conclude, we demonstrate how the formation of quotient graphs enables 
one to produce finite counterexamples to the UC from each of T1 and T2 and also 
many finite and infinite counterexamples to the UC from the basic graphs 
described above in (d). 
Example 5.9. Let the group G1 have the presentation: 
G1 = (a, b: a 3=b 3= (ab) 3= 1) 
and let S~ = {a, a -1, b, b-l}. Thus T1 is the Cayley graph of G~ with respect o $1. 
Imposing the additional relation 
(ab -1)  m = 1, 




for m >t 2 gives a quotient group G~ of G of order 3m 2 whose Cayley graph T~ 
with respect o (the cosets represented in) Sx has diameter 2m and whose distance 
sequence concurs with DS(T1) up through dm-1 (cf. (5.1) above). Thus if (r, s, t) 
is a bimodal triple of T~ and if m > t, then (r, s, t) is a bimodal triple of T~. Since 
t = 12 in the "first" bimodal triple for T~, the smallest multimodal graph of the 
form T~ has 507 vertices. We remark that if G~ is defined using (5.10), then T~ 
has a natural imbedding on the toms. If (5.11) is used then T~ has a natural 
imbedding on the projective plane. 
Example 5.12. Let the group (:;2 have the presentation 
G2= (c, d: c3=c12=(ca)6= 1), 
and let $2 = {c, c -x, d}. Thus T2 is the Cayley graph of (3;2 with respect o $2. 
Imposing the additional relation (cdc -x d) m = 1 for m I> 2 gives a quotient group 
G~ of G2 of order 6m 2 whose Cayley graph T~ with respect to (the cosets 
represented in) $2 has diameter 2m and concurs with (5.2) up through din-1. 
Arguing as in Example 5.9 with t = 19, we find that the smallest multimodal 
graph of the form T~ has 6 x 202 = 2400 vertices. The graphs T~ are toroidal. 
Example 5.13. We have seen (following (5.3)) that A2r+I*(A®x A~) and 
A2,+1 * (A® • A®) have the bimodal triple (r, r + 1, r + 2) for all but a few small 
values of r. Clearly their distance sequences up through dr+2 would remain 
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unaltered if A® * A® (resp., A~ x A®) were replaced by A,, • Aq (resp., A~ x Aq), 
where 
2r + 5, if odd, 
n, q >t 2r+6,  if even. 
The smallest graph of this type is A 9 * (A13 * A13), which has 1521 vertices. 
Acknowledgment 
The first author wishes 
Coppersmith. 
to acknowledge a helpful conversation with Don 
References 
[1] L. Babai, Problem 29 in: K. Heinrich, ed., Unsolved Problems, Summer Research Workshop in 
Algebraic Combinatorics, Mathematics Department, Simon Fraser University, Burnaby, B.C., 
Canada V5A 1S6 (1979) 8. 
[2] W. D6rfler and W. Imrich, Ober das starke Produkt yon endlichen Graphen, Osterr. Akad. Wiss. 
Math. Naturw. KI. Sitzber. II, 178 (1970) 247-262. 
[3] H. Fleisclmer and W. Imrich, Transitive planar graphs, Mat. Slovaca 29 (1979) 97-105. 
[4] H.A. Jung and M.E. Watkins, On the structure of infinite vertex-transitive graphs, Discrete Math. 
18 (1977) 45-53. 
[5] G. Sabdussi, The composition of graphs, Duke Math. J. 26 (1959) 693-696. 
[6] G. Sabdussi, Graph multiplication, Math. Z. 72 (1960) 446-457. 
